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These notes contain several more or less simple facts about afRne isometric 
actions (see below subsection 0.1) of discrete groups. Mainly we are interested 
by lattices in rank 1 semisimple groups over M. and over local fields. It is well- 
known, that affine isometric action is a argument of several interesting functors. 
Using affine isometric action it is possible to construct representations of current 
groups (see [Ara], [Guil], [VGGl-3]) of semigroups of probabilistic measures on 
a group (see[Ner2]), of groups of diffeomorphisms(see [Ism4]), of categories of 
bistochastic measures (see [Nerl-2]), and also central extensions of groups of 
some groups of diffeomorphisms and some other groups. 

Unfortunately the majority of interesting groups have no affine actions at all. 
The purpose of these notes is to show that discrete groups acting on hyperbolic 
spaces have many natural affine isometric actions and to obtain some corollaries 
from these constructions. 

It is well-known that unitary representations of discrete groups is a dan- 
gerous subject and it contains many pathological phenomena. Neverless this 
topic contains some optimistic results, for instance unitary rigidity theorems of 
Figa-Talamanca-Picardello type (see [FTP] and [BS], [CS]) or existence of holo- 
morphic wavelets (see below ss.3.1)|^ We try to continue this 'nonpathological 
line" . We also show that in some cases " affinization" of unitary representation 
allows to avoid some unitary upleasent phenomena. For instance it is possible 
to make irreducible affine action from factor-representation of discrete group. 

0.1. AfRne isometric actions. Let G be a topological group. Let H be 
a (complex or real) Hilbert space. A affine isometric action (we will also use 
a term Al-action) 11 = (7r,7) of the group G on iJ is an action of G by affine 
isometric transformations of the space 7? , i.e. transformations having the form 

Ii{g)v = TT{g)v + -t{g) (0.1) 

where v £ H, operators 7r(g) are unitary operators and 7(-) is a function G ^ H. 
The equality 

n(gi52)w = n(.gi)n(52)w 

implies 

■^(9192) = n{gi)n{g2) (0.2) 

7(5152) = 7r(5i)7(g2) + 7(.9i) (0-3) 

The condition (0.2) means that 7r(-) is a unitary linear representation of G. 
Evidently 7(e) = 0, hence (0.3) implies 

7(g-i) = ~7T{g)-'^{g) (0.4) 



^Of course there are some other interesting phenomena, see [VDN] 



0.2. Let TT be a unitary representation of G in a Hilbert space H . Let 
w Cz H. Let us fix a vector w Cz H. Then the formula 

Tl{g)v — ■n{g)v + (7:{g)w — w) (0-5) 

defines an isometric action of G. The action (0.5) is not interesting: it becomes 
hnear after the shift of the origin to the point w. 

Now two following natural questions arise. 

Question 0.1. Let tt be a unitary representation of G. Does there exist a 
function ^ : G ^ H satisfying the condition (0.3) which is not representable in 
the form 

7(5) = 7r(g)w - wl (0.6) 

Question 0.2. Let a hilbert space L and a unitary representation tt of the 
group G are given. Is it possible to describe cohomology group H^{G,L) := 
Z^{G, L)/K^{G, L) where the cochain group Z^{G, L) consist of functions G -^ 
L satisfying the condition (0.3) and the coboundary group K^{L, G) consist of 
all function having the form (0.6) 

0.3 The answer on Question 0.1 for the semisimple groups rarely is affirma- 
tive. 

Theorem 0.3aj Let a connected real semisimple group G has a nontrivial 
affine isometric action. Then G = SO{l,n) or SU{l,n). 

b) Let a semisimple group G over nonarchimedian local field has a nontrivial 
affine isometric action. Then rank of G equals 1. 

Theorem 0.4. aj Let n > 2. Then the group SO{l,n) has only one non- 
trivial isometric affine action (in particular it is valid in the case PSL2(C) = 
^Oo(l,3)). 

b)The group SU{l,n) has only two nontrivial affine isometric actions (in 
particular it is valid for PSL2(K) = S0q{1, 2)). 

These theorems are well-known (and I don't know their history, see partial 
result in [Kaz], the proof of the first theorem see [Mar], III. 5, see also [Kaz]; for 
real case see [Gui2] ; for second theorem see [Gui2] . The construction of affine 
actions for Lie groups see below § 1. 

0.4. By this reason it seems that affine isometric actions is an exotic phenom- 
ena which is not very interesting. On other hand it turn out that affine isometric 
actions are related to many algebraic, analytic and probabilistic phenomena and 
constructions: representations of current groups (Araki multiplicative integral, 
see [Ara], [VGGl] - [VGG3], [Ber], [Guil], [PS], [Dell] - [Del2], [Ner2]), condi- 
tionally positive defined functions (see [Guil], [PS], [VK], [Mar]), categories of 
G-stochastic measures ([Ner 1-2], representations of semigroup of probabilistic 
measures on groups (see [Ncr2]), representations of groups in Pontryagin spaces. 



representations of various infinite-dimensional groups (see [Ism 1-2], [01s 2-3], 
[Ner 1-2], [ATH]). 

0.5. The purpose of these notes is to show that discrete groups which act 
on hyperbolic spaces have many irreducible afhne isometric representations. 

In § 1 we describe affine isometric representations of groups 500(1, n), SU{1, n), 
PSL2(Qp) and pf the group of automorphisms of Bruhat-Tits tree. All these 
constructions are known. 

In § 2 we discuss general formal definitions and properties of affine isometric 
actions. 

In § 3 we prove the following rigidity theorem. Let G be a semisimple group 
and r be a cocompact lattice. Then the restriction of each irreducible affine 
isometric action 11 of G to F is irreducible. We also show that for G = PSL2(K) 
the restriction n|r "remember" embedding F -^ PSL2(K). This theorem is a 
variation of Figa-Talamanca-Picardello-Bishop-Cowling-Steger theorems (see 
[BS], [CS]) on unitary rigidity. 

By [CM], [Mor] the space of homomorphisms of discrete group F to 5*0(1, n) 
(defined up to conjugation) has natural compactification by the actions of F on 
R-trees (for n = 2 and for the space of cocompact lattices this compactification 
coincide with the Thurston compactification of Teichmiiller space) . 
In § 4 we show that for each action of F on M -tree there exist a canonical 
irreducible isometric affine action of F in some Hilbert space associated to the 
tree. Nonisomorphic actions of F on M -trees generates nonisomorphic affine 
isometric actions. Notice that associated linear unitary representations of F are 
factor-representations and they "forget" action of F on tree. 

Our § 5 contains continuation of preliminaries. We discuss relation of affine 
isometric actions with infinitely divisible representations. 

of 
In § 6 for each irreducible affine isometric action of lattice F we construct an 
irreducible representation of semigroup of probabilistic measures on F in the 
boson Fock space. 

In § 7 § 9 we discuss the group S(G) of (measurable) automorphisms of 
principal G-bundle, we construct its representations (it is well-known) and cen- 
tral extensions (by strange way such extensions never wasn't discuss). 

In § 8 we discuss embeddings of groups of volume preserving diffeomor- 
phisms to groups B(r) and associated representations. 

It is clear that it is impossible to describe all affine isometric actions of a given 
discrete groups (of course if the set of these actions is not empty). Never less it 
seems that Question 0.2 can be nonpathological. The discussion of this question 
is the subject of § 9. 



I am grateful to Gr. A. Margulis, R. Howe, V.V.Fock for discussions of the 
subject and references. 

1 Affine sometric actions of simple Lie groups 
of rank 1 

Here we discuss constructions of affine isometric actions of simple groups o rank 
1. The most interesting cases for us are affine isometric actions of PSL2(]R) 
(ss.1.1) and of group of automorphisms of Bruhat-Tits tree (ss 1.4). 

1.0. Preliminary remarks. Consider an affine isometric action H = (tt, 7) 

n{g)v ^ TT{g)v + -jig) 
of a group G in a Hilbert space H. Consider an operator 

1 7(5) 



in C ® i?. Condition JI(gig2) = Il{gi)Tr{g2) is equivalent to the condition 

M9192) = A{gi)A{g2) 

Constructions of subsections 1.1 - 1.4, 1.6 below have the following form. There 
exist some space C if and linear nonunitary representation A{g) of the group 
G in C© if such that subspace H is j4(g)-invariant, operators A{g) are unitary 
in the subspace H and the action of G in the quotient space (C H)/H is 
trivial. Consider a nonzero vector w G C © 0. Then 

A{g)w - w e H 
and hence the formula 

Ils{g)v == A{g)v + s{A{g)w - w) 

defines an affine isometric action Us of the group G in the Hilbert space H. 

In subsections 1.2, 1.4, 1.6 this space C(BH is quite visible (for construction 
of subsections 1.1, 1.3 this space is easily visualized for dual representations). 

1.1. Isometric actions of PSL2(M) (see [VGGl]) We realize the group 
PSL2(K) as the group PSL2(]R) = SU(1, 1) of matrices 

9-(l H; l«P-H^ = i 



b a 
We will consider matrix elements 



a = a{g) b = 6(5) 



as functions on the group PSL2(M)). We will wriglit 

a(5) b{9) 



^ " > a{9) %) 

The group PSL2(K) acts in the disc D : |z| < 1 by the Moebius transforma- 
tions 

\g] az + b 
bz + a 

Denote by H the Bergman space in the disc \z\ < 1, i.e. the space of holomorphic 
functions in disc |z| < 1 equipped by L^ -scalar product 

1 



{h,h) = - h{^)h{z)dzdz 

T^ J\z\<l 

It is easy to see that 

n + 1 

The group PSL2(M) acts in the Hilbert space H by afhne isometric transforma- 
tions 

n.(g)/(z) - /(zM)(6z + a)-2 + s . 7(g) 



where s > and 



It is easy to see that 



7(5) = J-— (1-1) 

bz + a 



MinKiO>-'"0-S) 



It is useful to rewrite this formula in the form 



(7(31), 7(32)) = - In 4%£i= (1.2) 

Remark 1.1. Denote by u the expression under the logarithm. Then 
|m — 1| < 1 and hence this logarithm is a well-defined single- valued function. 
Nevertheless ln(a(-)) is not well-defined and we cannot express the formula (1.2) 
in the form 



- In a(giff2 ^) - In a{gi) - In a^g^ ^) 
Supposing gi = 172 we get 
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a b 
b a 



ln(l 



2 In \a\ 



Denote by d(-, •) the standard PSL2(]R)-invariant Poincarc metric on the disc 

UI<1: 



,f ^ li 1-21^2+^2-2:1 

d{zi,Z2) = - In :: ■ ■ 

2 \1 - ZiZ2\ ~ \Z2 - Zi\ 

Denote by S{g) the distance between points and O'^l; 



(1.3) 



S{g) =d(0,0[»l) =arctanh 
Simple calculation shows 



= ln(H + |6|) 



||7(,g)f = 2,5(.g)-21n2 + o(l), 



(1.4) 



1.2. Isometric actions of the groups SOo(l, J^). (see [VGG2]) The group 

a b 



SOo(l, n) is the group of real matrices 
such that 



c d 



of dimension (1 + n) x (1 + n) 



a b 
c d 



-1 
1 



a > 0; 



det 



a b 

c d 

a b 

c d 



Let S" ^ be the sphere xf + . . . + xf^ = 1 in 
S"^^ by the conformal transformations 



-1 
1 



= +1 
The group SOo(l,n) acts on 



(a + xc) ^(b + xd) 



X H 

where x = {xi . . . Xn) G S"^^ is a row-matrix. 

Denote by Z the space of C°° -functions / on 5"~^ satisfying the condition 



f{x)dx = 



5"-i 



Consider the positive defined scalar product 



{.f,9) = - / In I a; - y I f{x)g{y)dxdy 

in the space Z. Denote by H the completion of Z with respect to this scalar 
product. The group SOo(l,«) acts in H by linear unitary transformations 



^[l d) ^(^) = (« + xc)-("-i)/((a + xc)-\b + 



xd)) 



Remark 1.2 The representation tt is the so-cahed hmit of complementary 
series. 

The expression 

defines a affine isometric action of the group SOo(l, n) in H. 

1.3. Isometric actions of the groups SU(l,n) (see [Ber2], [VGG2]) The 

group SU(1, n) is the group of complex (1 + n) x (1 + n) -matrices , 

satisfying the conditions 

a b \ f -1 \ f a b y _ f -1 
c d ) \ I ) \ c d ) ^ y 1 

Let Bn be the unit baU |zip + . . . + |z„p < 1 in C". The group SU(l,n) acts 
on Bn by transformations 

z I — > zlsl := (a + zc)-\b + zd) 

where z — (zi . . . z„) G _B„ is a row- matrix. 

Consider the matrix- valued reproducing kernel (on reproducing kernels see 
for instance [FK]). 

Ki-,-) : B^ X Bn ^ GL{n,C) 
defined by the formula 

K{z,u)= 1-^, 





This kernel defines some Hilbert space H of C"-valued holomorphic functions 
on B„ (we consider elements of C" as vector-columns). 



Consider the unitary representation tt of the group SU(1, n) in the space H 
given by the formula 



j f{z) = {a + zc)-\d - czM)/(zM). 



In this formula (a + zc)~'^ is a scalar- valued function and {d — cz^^') is a 
function with values in n x n matrices. 

Remark 1.3 The representation tt is one of the highest weight representa- 
tions of SU(l,n). This representation is degenerated, i.e. the space H doesn't 
contain all polynomial functions _B„ -^ C". The restriction of tt to the group 
SU(n) is the sum of the symmetric powers ®^x S''R of standard representation 
R of SU(n) in C" (emphasize that k^O). 

Affine isometric action of SU(l,n) in the hilbert space H is given by the 
formula 

n.(: j)/W--(: ',)m + s.ia + zcr.c 

where s > 0. We remind that c is a vector-column. 

1.4. AfRne isometric actions of groups of automorphisms of Bruhat- 
Tits trees. Let n be a positive integer. Bruhat-Tits tree Tn is the tree such 
that each vertex is incindent to {n + 1) edges. Let s, s' be vertices of 7^. The 
distance s, s' is the length of (unique) chain joining s and s'. 

The absolute (the set of points on infinity) Abs(7^) of the tree 7^ is defined 
by an obvious way. Fix a vertex s* G Tn. Then there is obvious one-to-one 
correspondence between points of Abs(7^i) and infinite chains 

So = S*,Si,S2,S3, • • ■ 

(where Sj and Sj+i are incindent to the same edge and Sj ^ 5^+2 )• Define a 
metric S{-, ■) on Abs(7^). Let x, y G Abs(7^). Let . . . ,ta, ia+i, ... be a chain of 
vertices joining x and y. Then 



S{x,y) 



■ inin(d{s* ,tj)) 



The space Abs(7^) with metric 5 is compact totally disconnected metric space. 

Define a canonical measure fi on Abs(7^) by the condition: measure of each 
ball with radius n^'^ equals n^''. 

Remark 1.4. The metric d{-,-) and the measure fj, depends on the point 
s*,i.e. d{-,-) =4* (•,•)) , M = A^s-- 

Denote by Aut(7„) the group of automorphisms of Tn. It is locally compact 
totally disconnected group. On representation theory of Aut(7^i) sec [01s 1], 
[FTN]. 

Let g G Aut(7„),x G Abs(7^). Define the derivative g'{x). Let sq = 
s*, si, S2, • • ■ be the chain joining s* and x and let to = ■**, ti, ^2, • • • be the chain 



joining s* and gx. Then there exists a such that gsj = tj+a for sufficiently large 
j. The derivative is defined by the equality 

g\x)^n^. 

Remark 1.5. Of course this is the Radon-Nikodim derivative of the measure 
/x with respect to the transformation g. 

Let Ho be the space of locally constant functions / on Abs(7^) such that 
f fdfj, = 0. Consider the (positive defined) scalar product in Hq given by the 
formula 

(/i,/2) = -/ / S{x,yy'^fi{x)f2{y)dfi{x)dfi{y). 

JAbs(r„) JAbs(r„) 

Let H be the completion of Hq with respect to this scalar product. Isometric 
action of Aut(7^i) in the Hilbert space H is given by the formula 

^s{g)f{x) = f{gx)g'{x) + s{g'{x) - 1) 

1.5. On harmonic analysis on trees. Material of this section will be 
used only in subsection 4.8 and section 10. Denote by Vert = Vert(7^) the set 
of vertices of 7„, and by Edge* = Edge*(7„) the set of oriented edges. For each 
a e Edge* denote by 0((t) and ^{a) the origin and the end of a respectively. 

Consider spaces /2(Vert) and ^2 (Edge*), elements of the latter space are 
/2-functions on Edge* satisfying the condition 

/(-a) = -f{a) 

where (— ct) is the oriented edge inverse to a. 

Consider three Aut(7^)-intertwining operators. 

1. Laplace operator A : Z2(Vert) -^ /2(Vert) is given by the formula 



^/w^-J E /(«.)- /M 



p 

d(vj ,1') — 1 

2. Operator y : Z2(Vert) -^ ^2 (Edge*) is given by the formula 

V/('t) := /(^(a)) - /(0(a)) 

3. Operator T : Zj (Edge*) -^ Z2(Vert) is given by the formula 

Obviously all operators A, y, ▼ are bounded and 

▼ V=P-A; T* = V (1-5) 

10 



Spectrum of Laplace operator in the space Z2(Vert) is known (see [01sl],[FTN]) 
and is not a point of spectrum, i.e A is invertible. Hence (1.6) implies that 
image ini(v) of V is & closed subspace and its orthocomplement is ker(T). 

Consider the space H defined in preceding subsection. We will describe 
the canonical unitary operator V : H ^ ker(T) (Poisson transform) which 
intertwines (linear) actions of Aut(7^) in the spaces H and ker(T). Consider a 
edge <7. Then the space Abs(7^) is divided by natural way on two pieces Abs^ 
and Abs^, the points of AbsJ^ are more close to origin 4){cr) of a and points of 
Abs~ are more close to the end ijj{<7). Then 

Vf{a) ■■=C ■[ I f{x)dn^(^i - / /(a;)d/i^(^) 

\JAhs+ JAhs- J 

where C is some constant. 

1.6. Isometric actions of groups SL2 over local fields. Let K be a 

locally compact nonarchimcdian field. Let O C IK be the ring of integers, let / 
be the nonzero prime ideal in O. Let F = O/I be the residue field, let q = p^ 
be the number of elements of F. 

Remark 1.6. Let K = Qp be p-adic field. Then O = Zp is the ring of p-adic 
integers and I = p ■ Zp. 

A lattice in the linear space IK^ is O -submodule generated by two linearly 
independent vectors. Two lattices A and A' are equivalent if there exists x € K 
such that A' = a; • A. Now we will construct a graph T. The vertices of T are 
enumerated by equivalence classes of lattices. Vertices s and s' are adjacent 
if there exist representative lattices A and A' such that index of A' in A is q. 
Then the graph T is Bruhat-Tits tree Tq. The space Abs(7^) is identified with 
projective line PK^ over K (sec [Ser2], [FTN]). 

By construction the group PSL2(K) acts on the graph T — Tq and hence we 
obtained embedding 

PSL2(K)^ Aut(rpfc) 

Thus we can restrict the affine isometric action of Aut(7^fc) to PSL2(K). 

Now we will give another description of the same action. Let Hq be the 
space of locally constant functions / : K — > C such that / / = 0. Consider the 
scalar product in iJo given by the formula 



(/i,/2)=- / / \n\x~y\f{x)f{y)dxdy 

Let H be the completion of Hq with respect to this scalar product. Isometric 
action of PSL2(IK) in Hilbert space is given by the formula 

n.f! ']) fix) = f (^^)\cx+dr +s- (\cx+d\-^ -1 



c 



d 
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2 General remarks on afRne isometric actions 

2.1. Equivalent isometric actions. Consider two afRne isometric actions of 
a group G: 

ni{g)v ^ TTi{g)v + ji{g) 
n2(.9)w = 7i"2(.g)w + 72(g) 

of a group G in Hilbert spaces Hi and H2. The actions Hi and 112 are called 
equivalent if there exists a map 

Rh = Th + q 
where T : Hi -^ H2 is a unitary operator and q G H2 such that 

RUi{g) ^ U2ig)R 

for each g E G. 

Lemma 2.1. Let the actions Hi and II2 be equivalent. Then 

a) Unitary representations tti and 1:2 of the group G are equivalent. 

h) The Junction 

%) =11 71(5) IP -II 72(g) IP 

is bounded. 

Proof a) is obvious. 

Proposition 2.2. Let H = {t^,j) be an affine isometric action of a group G. 
The following conditions are equivalent 

a) The action 11 is equivalent to a linear action. 

b) The function \\ j{g) |P is bounded on G. 

Proof, a) => b) is a partial case of b) ^ a) in lemma 2.1. Consider the 
space C® H and linear operators in C ® i? given by the formula 

Consider the closed convex hull K of vectors {l,j{g)) G C (B H. The set K 
is bounded and hence (see [Rud], 3.15) K is weakly compact. The group of 
operators A{g) is equicontinuous. By Kakutani theorem (see [Rud], 5.11) there 
exist a fixed point (0,h) G K for the group G of transformations A{g). Then 
h G H is a fixed point for transformations n(g). This proves the proposition. ■ 

We say that an affine isometric action is nontrivial if it is not equivalent to 
a linear action. 

Corollary 2.Z.AII isometric actions constructed m § 1 are not equivalent 
to linear representations. 
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2.2 Minimal subspaces. Let H he a, Hilbert space. By definition affine 
subspaces of H are sfiifts of closed linear subspaces. 

An affine isometric action 11 of a group G in iJ is called Al-reducible (affine 
isometric reducible) if there exist G-invariant affine subspace L d H. The 
restrictions of isometric actions to G-invariant affine subspaces are called AI- 
subrepresentations of H. 

Remark 2.4. Each linear representation is Al-reducible. Indeed the origin 
is an invariant subspace. 

Proposition 2.5. Let a nontrivial isometric action 11 has a irreducible AI- 
subrepresentation L. Then each Al-subrepresentation of II contains L. 

Proof. Let M ^ L he an invariant affine subspace. Suppose M O L = 0. 
Let I G Lhe the nearest to M point of L. Then m is a G-stable point and hence 
the action H is equivalent to linear action. 

Assume M O L ^ 0. Then M n L be a G-invariant affine subspace of L. 
Bearing in mind that L is irreducible we obtain M D L.M 

Example 2.6. Consider isometric transformation 

Af{x) = e-/(x) + 1 

in L^[— 1, 1]. Consider an affine subspace V^ C L^[— 1, 1] which consist of func- 
tions satisfying the condition 

fix) = Y~^ ^°'' 1^1 > ^ 

Then V^ is an Al-invariant affine subspace and n£>o ^e = ^ (the function 
1/(1 — e*^) is not an element of L^). Hence the action A has no minimal 
invariant subspace. 

2.3. Semigroup of probabilistic measures. Denote by A4q{G) the 
semigroup of probabilistic measures on G with compact support. 

Let n = (tt, 7) be an isometric action of G. We extend the action 11 to the 
action IT of Aio{G) given by the formula 



Tl{p)v ^ / T^{g)vd^{g)+ / j{g)dfi{g) 

JG Jg 

Let TT be a unitary representation of a group G in a Hilbert space H. By 
definition a representation tt weakly contains trivial representation if there exist 
vectors Vj G H such that the sequence of functions 

converges uniformly on compacts to 1 (see [Dix], 18.1). 

Proposition 2.7.^566 [Mar], III. 1.3) The following conditions are equivalent 
i) The representation tt doesn't contain weakly trivial representation, 
ii) There exist /i G Mo{G) .such that the norm of the operator 
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Jg 
is less than 1. 

Proposition 2.^. (see [DixJ, 18.3.6, [Mar], III. 4) The following conditions 
are equivalent 

i) A group G is amenable 

a) Regular representation of G contains weakly trivial representation. 

Proposition 2.Q.Let 11 = (tt, 7) he an affine isometric action of a group G. 
Let the representation tt doesn't contain weakly trivial representation. Then 11 
contains an AI -irreducible subrepresentation. 

Proof. Consider fj, G Mo{G) such that || 7r(/x) ||< 1 (see proposition 2.7). 
Then n(/i) is contractive map. Let w be the unique fixed point of n(^). Consider 
the minimal afline subspace L containing all points Il{g)w (where g € G). Then 
L is ATirrcducible subrepresentation. ■ 

2.4 Direct sums. Let Hi = (7ri,7i) and II2 — (7r2,72) be isometric actions 
of the group G in the spaces Hi and H2. The direct sum Hi © II2 is affine 
isometric action of the group G on the space Hi © H2 given by the formula 

g : {v,w) 1-^ (7ri(g)w + 71(g), 7r2(5)w + 72(5)) 

where v € Hi , w € H2 . 

Remark 2.10. Usually subspaces Hi, H2 in Hi ® H2 are not invariant. 

Example 2.11. Let Hi = H2, Hi = 02. Then the diagonal A C H (B H is 
G-invariant affine subspace (diagonal A consists of vectors {v, v) E H Q) H). 

Let n = (tt, 7) be an affine isometric action of G in a Hilbert space H. Let 
a linear representation tt be reducible, let H = Hi ® H2 he a, decomposition 
into a sum of subspaces which are invariant with respect to operators '!T{g). Let 
TTi, 7r2 be the restrictions of representation tt on Hi, H2. Let 71(5), 72(<7) be the 
projections of 7 to Hi,H2. Then H = {tt,j) is equivalent to the direct sum of 
actions Hi = (7ri,7i),n2 = (7r2,72). 

Example 2.12. Let G = Z. Denote by n^ the action of Z on M given by 
the formula 

Ils{n)x = X + sn 
(x G R, n G Z) . Denote by Ir^ ' action of Z on K.'^ given by the formula 

Il\'{n){xi,. .. ,xk) ^ {xi + X,...,Xk) 
(AGM,nG Z,{xi,...,Xk) G K*^). Then 



n,, ® . . . ® n,,. ~ n*'^' 



iSi 07 . . . TO -IJ-Sfc 



V ■'?+■••+" 
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This example demonstrated that decomposition of an affinc isometric action 
onto direct sum of irreducible actions is not unique. 

Remark 2.13. Let 11 be an affinc isometric action of a group G in Hilbert 
space H . Let K he a, G-invariant subspace. Let Q € K (otherwise we will shift 
origin). Let M be the orthogonal complement to H. Decompose our action 
to direct sums of actions (HijTt) and (112, 7r2) in K and M (relatively). Then 
action (112, i'2) of group G is linear. 

2.5 Real and complex action. There exist some difference between affine 
isometric actions in real and complex Hilbert space (see § 6-9). 

Let n = (tt, 7) be an affine isometric action of the group G on a Hilbert 
space H . 

We say that the action is real in two cases: 

a) If the Hilbert space H is real. 

b) If the Hilbert space H is complex and there exist Tl{g) -invariant real 
subspace Hr C H such that H — H^ © i Hr. 

We say that action is complex if it is not real. 

In § 1 we constructed one real action for the groups SO(l,n), Aut(7^), 
PGL(2, K) (up to dilatations). For the groups SU(1, n) (in particular for SU(1, 1) : 
PSL2(M)) we have two nondecomposable complex actions (in spaces of holomor- 
phic and antiholomorphic functions). Realification of these two actions coincides 
and this is the unique real nondecomposable real action for SU(1, n). In the case 
n = 1 this action coincides with real actions SOo(l, 2) mentioned several rows 
above. 

3 Rigidity for affine isometric actions 

Let a Lie group G and a lattice F C G are given. It is well-known that there exist 
many cases when the group G and the lattice F have closely related behavior, 
see for instance [Mar]. Theorems formulated below (ss. 3. 1-3.2) are very simple 
representatives of the rigidity theorems of this type. 

3.1. Rigidity for unitary representations. We remind some known 
theorems. Let tt be an irreducible unitary representation of a Lie group G. Let 
F C G be a lattice. Recall that a lattice F C G is a discrete subgroup such that 
the volume of G/F is finite. A lattice is called cocompact if the space G/F is 
compact. 

Let TT be a irreducible unitary representation of the group G. Consider re- 
striction TT L of representation tt to the lattice F. Remind that representation tt 
is named by representation of discrete series if its matrix elements are in L^. 

Theorem 3.1. Let n be not a representation of discrete series. Then the 
restriction tt\ of tt to T is irreducible. If tti 7^ 1^2 are not elements of discrete 
series then tti L and 7r2 L are not equivalent. 

See [BS] , [SC] ; first theorem of this type was obtained in [FTP] . 
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Theorem 3.2. ([BS]). Let G = PSL2(M), let tti, tt2 be not representation 
of discrete series. Let T be a discrete group and tpi : T ^ PSL2(M), V'2 : T —^ 
PSL2(M) be embeddings such that ipi(r) and ip2(r) are lattices. Then represen- 
tations TTi o ^pi and 7r2 o ■ip2 are equivalent if and only if tti ~ 7r2 and embeddings 
'ipi,ip2 are conjugate. 

Theorem 3.3. ([AS], [GHJ]) 

a) Let TT be an irreducible representation of discrete series. Then the restric- 
tion TT is a factor-representation ofT. 

b) Let TT be a representation of discrete series and DiTa{p) be the formal di- 
mension of IT. Let all conjugacy classes ofT be infinite. Then the restriction tt L 
is a factor-representation which is quasi equivalent to the regular representation 
ofT in hiT). The dimension o/ttL over 12{T) equals 

Dim(7r) • volumc(G/r) (3.1) 

Example 3.4, see [GHJ]. Let G = PSL2(M). Consider the representations 
TTfe of discrete series of the group PSL2(R). The space Hk of representation tt^ 
is the space of holomorphic functions on the disk |z| < 1 equipped with scalar 
product 



(/l,/2> =y y fl{z)f2{z)(l-\zff''-^dzdz 

The operators TTk{g) are given by the formula 

nk{g)f{z)^fl^^±^ybz + -a)-''^ 

Consider PSL2(R) -invariant measure on disk |z| < 1 such that the square of a 
triangle is (tt -(sum of angles)). Then dimension of tt L over ^2(r) equals to 

2fc — 1 
A = • square (PSL2(R)/r) (3.2) 

Problem 3.5 (holomorphic wavelets). Let number A be given by the 
formula (3.2) be integer. Then the representation ttL is isomorphic to the sum 
of A copies of I2 (P) . Hence there exist an orthonormal basis e^ in the space Hk 
of the unitary representation tt such that for each hi e P, 

7rfe(/ii)eQ = 6/3 

for some /?. Is it possible to construct such basis explicitly? 

3.2. Rigidity for affine isometric actions. 

Theorem 3.6. Let G be a locally compact topological group and the Haar 
measure on G is both-side invariant. Let T be a cocompact lattice. Let H = (tt, 7) 
be an AI -irreducible isometric action of G. Then the restriction 0/ H to P is 
Al-irreducible. 
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Corollary 3.7. Let H = (7r,7) be an irreducible affine action of a discrete 
group r. Let F' C F &e a subgroup of finite index. Then the restriction H' L is 
Al-irreducible action. 

Example 3.8. Let G = PSL2(M),PSL2(IK) or Aut(7;j and F C G be a 
cocompact lattice. Consider the affine isometric action Hg = (tt, s • 7) of the 
group G described in § 1. Then the restriction of the representation tt to the 
lattice F is a factor-representation, nevertheless the restriction of lig to F is AT 
-irreducible. 

Proposition 3.9._Lef G = PSL2(M) and let F = F„ 6e the fundamental group 
of the sphere with n handles (n > 1). Let'ipi,')p2 be embeddings F„ -^ PSL2(M). 
Letipi{T),'ip2(r) be lattices mPSL2(M) Let Us — (tt, 5-7) be the affine isometric 
action o/PSL2(M) described in subsection 1.1 (s > 0). Then 

Us O Ipi ~ Us' O ■02 

only in the case when 

s ^ s' and embeddings ipi , ip2 are conjugate. 

3.3. Induced isometric actions. Let G be a topological group. Let F be 
a cocompact lattice. Let S = (^, A) be an affine isometric isometric action of F 
in a Hilbert space V . 

Consider the space C consisting of all measurable functions G ^f V satisfying 
the condition 

f{hg) = S{h)f{g) (3.3) 

for each h E r,g G G. 

Let 17 C G be a compact fundamental domain for F (i.e. Q is compact 
and a natural map fl -^ F \ G is bijective (up to the set of zero measure) 
measure preserving map). Consider the space H consisting of all functions 
f E C satisfying the condition 

\\fig)\\'dg<^. (3.4) 

o 

The space il is a Hilbert space with respect to the scalar product 



(/i,/2)= / fi{g).f2{9)dg 
Consider the action of G on £ given by the formula 

p ■■ .fig) ^ .fiap-^) (3.5) 

where p G G. 

Lemma 3.10. The space H is invariant with respect to the transformations 
(3.5). 

Proof. Consider all elements /ii, . . . , /iq € F such that Vtp ^ n hjVt ^ 0. 
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figp-') r dg^ II fig) f dg = 

J2 [ \\fig)\\'dg = J2 f \\.fihj'g)rdg 

= E/ ||e(/l-l)/(.9) + A(/.7l)||2dg = 






f2nh^ Op- 

(II /(g) f +2Re{ah)f{g),X{h-')}+ \\ X{h-') f)dg < ex.. 



Denote by $(p) the restriction of transformations (3.5) to H. The space H is 
an affine subspace of C. Hence transformations $(p) are affine transformations. 
A hnear part of an affine transformation <I>(p) is the representation of G induced 
from representation S, of F. Hence $(p) is an affine isometric action. 

3.4. Proof of Theorem 3.6. Consider an Al-irreducible affine isometric 
action H = (tt, A) of the group G in a Hilbert space K. Denote by S the 
restriction of the action H to the lattice F. Consider the isometric action $ of 
G induced from the isometric action S. Let iJ be a space of the action <i>, i.e. 
the space constructed in ss.3.3.. 

We will construct a natural G-cquivariant embedding 6 : K ^ H. Let 
V E K. Associate to v the function S^ : G ^ K given by the formula 

S,{g)^n{g)v 
Evidently the function Sy satisfies the condition (3.3). Test the conditions (3.4): 



\\Uig)vrdg= / \\7:{g)v + -/{g)rdg = 
{\\vf+2Re{TT{g)v,j{g))+\\^{g)f)dg 



in 

The integrand is continuous and the domain 17 is compact. Hence the integral 
converges and so $„ E H . 

Thus we construct AFirreducible subspace S{K) in H. 

Now suppose that the affine isometric action S of the lattice F is reducible. 
Let L C iiT be a F -invariant subspace (L ^ K). Consider the isometric action 
VP of G induced from the isometric action of F in L. Evidently ^P is a AF 
subrepresentation in $. Evidently "^ doesn't contain the whole space 5{K). 
But 5{K) is irreducible and this contradicts to Proposition 2.5. ■ 

3.5. Length function. Consider the disc I? : |z| < 1 and the distance 

d(-, •) given by (1.3) on D. Let g = ( ^ M g SU{1, 1) ~ PSL2(M). Define 
the length function £(g) on SU(1, 1) by 
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£(g)-inf|,|<id(z,z[3l) 

Let A, A^^ be eigenvalues of matrix g. If |A| = 1,A 7^ 1 (i.e. g is an elliptic 
element of SU{1, 1)) then g has a fixed point on D and hence £{g) = 0. If A = 1 
(i.e. g is parabolic) then g have fixed points on circle \z\ — 1 and i{g) — 0. 

Let g be hyperbolic (i.e. A is real, A 7^ 1). Then there exist unique 5-invariant 
geodesic Lg and the restriction of transformation z 1-^ z^^l (see § 1) onto Lg be 
the shift of the line Lg on value | ln(A)|. Hence in this case 

i{g) = \HX)\ 

Let A^n be a sphere with n handles {n > 1). Let r„ be fundamental group of 
Mn- Recall that Teichmiiller space Tcn is the space of all embeddings r„ -^ 
PSL2(R) such that image is a lattice. Let ■(/; G Ten- Define length function 
£[^i(g) on the group by the expression 

£^^^{q) = i{i,{q)) 

This function has a simple geometric interpretation. Fix the embedding -0 : 
Tg -^ PSL2(K) and consider Riemann surfaces D/il^iTn)- Let h G r„, let L^(/i) 
be geodesic on D invariant with respect to ^{h). Then the projection of i^(/i) 
onto D/V'(r„) is closed geodesic on £'/-0(r„) and i[^]{h) is the length of this 
closed geodesies. 

Hence we get that numbers ^[^](/i) (where h E r„) are lengths of closed 
geodesies on D/ipiTn)- It is well-known that the collection of lengths of closed 
geodesies determines the Riemann surface and hence the function l\J,^ determines 
the point if) € Te„. 

3.6. Proof of Proposition 3.9. Let h e r„. Let ip e Ten. Let L be ^p{h) 
-invariant geodesic. Let u G L be the point of L nearest to 0. 

Evidently 

€[^](/j") = H.^[^](/i) 

Now let us calculate asymptotics of || j{ip{h")) |p if n ^ 00. Using (1.4) we 
establish 

||7(V'(n)ll'-rf(0,0['^(''")l) + O(l) 
Evidently 

< d(0,w) +d(0['^(''")U''^*''"^') = 2d{0,u) 
Hence the expression 
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\\^{^{hn)f-n-l^^{h) 

is bounded (for a given h G r„). Bearing in mind that the length function 
l\M determines the embedding -0 we apply lemma 2.1 and finish the proof of the 
Proposition 3.9 in the case si = S2- It is easy to show that two lengths functions 
^[il>]{9) T ^[il>']{g) can't be proportional. This argument finishes the proof in the 
case s ^ s' . 

4 Actions of groups on M-trees 

4.1 M-trees, (see [CM], [M], [MS], [Par], [Shal], [Sha2]). A metric iree is a tree 
( a tree is a graph without cycles) with given lengths of edges. We will consider 
a metric tree as a metric space. Denote by Vert(/) the set of all vertices of 
the metric tree /. Denote by Edge(/) the set of all edges of the metric tree /. 
Consider a chain 

^1) ^7^2) ^7^3) ^•.. (4.1) 

where Tu\ are metric trees and ct^ are isometric embeddings. We mention that 
the image of a vertex of a tree 7(j) can be not a vertex of the tree 7(j_|_i)! 
Consider the inductive limit I of this chain. Metric spaces which can be obtain 
by such a way are called "M^-trees. 

We say that a point of / is a vertex if it is a vertex of some tree 1{j)- The 
set of vertices of R-tree I we denote by Vert(/). 

Generally speaking R-irees have no edges. 

Remark 4.1. Our definition of K-trees slightly differs from standard defi- 
nition. Our R-tree is official R-tree with countable number of vertices. 

Consider a R-tree T. For each two points x,y € T there exist a unique 
isometric embedding of some interval [0, a] C R to T such that A(0) — x, X{a) = 
y (of course a equals to distance d{x, y) between x and y). The image A([0, a]) 
of the segment ([0, a]) is denoted by [x,y]. 

Let r be a group. An action of F on R -tree 2 is (by definition) an action 
by isometric transformation of M -tree T. 

4.2. Examples of actions of groups on metric trees. 

Example 4.2. Consider a lattice F C PSL2(IK) where K is a locally compact 
nonarchimcdian field. The group PSL2(IK) acts on Bruhat-Tits tree Tq (see 
subsection 1.6) and hence F also acts on Tg. 

Example 4.3. Trees associated to free groups. Remind the standard 
construction of tree associated to free group. Denote by i^„ the free group with 
n generators ai, . . . , a„. The vertices of the tree T{Fn) are the elements of the 
group Fn- Two vertices w,w' of T(F„) are incident to the same edge if 

w' = w ■ a ■ 
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The left action of the group F„ on itself bornes the action of F„ on T{Fn). Of 
course this tree be the usual Cayley graph of the group F„. Let us equip the 
graph T{Fn) by some additional structures 

The first, we have n different types of edges corresponding to the generators 
oi, . . . , a„. We will call them by {aj} -type edges. The second, let us fix the 
canonical orientation on each edge. Consider an edge (w,waj) where w is an 
irreducible word and the last letter of w is not a~ . Then by definition w is the 
origin of the edge and waj is the end. 

Now we can say that the length of {aj} -type edge equals to Sj > 0. Then 
we obtain the metric tree which we denote by T{Fn\ si, . . . s„). 

Example 4.4. Action of free groups on Bruhat-Tits tree Too- Con- 
sider the preceding example. Let us contract all edges of the types {02}, . . . , {a„} 
(or equivalently let us consider the graph T(F„; 1,0, . . . ,0). We obtain the 
new oriented graph T*(F„). The vertices of T*(F„) are enumerated by cosets 
Fn/Fn-i where F„_i is the free group generated by 02, . . . , a„. Edges [w, w'] of 
T'^*\F„) have the form 

w = V'lai' • ■ • ipl''al''Fn^i 
w' =i^ial'...ijl''al'<fiaiFn^i (4.2) 



where 



±1, il;i,(peFn 



and the word w is irreducible {w is the origin, w' is the end). Each vertex of 
T*(F„) is the origin of countable number of edges and the end of countable 
number of edges. The action of the group Fn on Edge(T*(F„) is transitive and 
the stabilizer of each edge is trivial. The bijection 

Edge(r*(^„))^^n (4.3) 

is given by the formula 

[w, w'] ^ -tpial^ . . . ■4'kal'°(p 

where [w,w'] is the edge (4.2). 

Example 4.5. Actions of surface groups, see [MSh]. Let M„ be a 

sphere with n handles (n > 1). Let r„ be its fundamental group. Consider a 
finite family of closed non-self-intersecting and not pairwisc intersected curves 
Ci, ... ,Ci on Mn- Assume M„\{Ci, C2, . . . , C;} is a union of spheres with holes. 
Consider the universal covering D of M„. Remind that D is the Lobachevskii 
plane. Then we obtain a countable number of infinite curves 81,82 ■. ■ on D 
which cover curves Ci, C2, . . . , C;. These curves separate Lobachevskii plane D 
to countable number of pieces Ui,U2, . . .■ 
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Now we will construct a tree. Edges of this tree are numerated by curves 
Si, S2, ■ ■ ■ and vertices are numerated by open domains f/i, C/2, • • •• A vertex [/„ 
and a edge S/b are incindcnt iff the curve S/j lies on the boundary of the domain 

4.3. Examples of actions of groups on K-trees. 

Example 4.6. Train-tracked graphs, see [Fock], on train tracks see[PH]. 
Consider a graph J7. Denote by Edgc*(j7) the set of all pairs 

(wa,e^) e Vcrt(J) X Edge(J) 

such that vertex Va is incident to the edge e^. In other words Edge* (J) is the 
set of oriented edges. A train-tracked graph is a graph J^ equipped with the 
following structures: 

1. For each vertex v^ we fix a cyclic order on the set of edges incident to v^. 
We denote by A^ (e-y) the edge which follows to e^ with respect to this cyclic 
order. By A~ (e^) we denote the preceding edge. 

2. We fix two function a+(uQ,,e^) and a^{voi,e^) on the set Edge* (J) with 
values in nonnegative numbers. These functions satisfies two conditions. 

a) a+(z;Q,e^) = a_(uQ, A+^(e^)) 

b) Let a edge e^ is incindcnt to vertices Va and w^. Then 

a+(wQ,e^) +a_(wQ,e^) = a+(vp,e^) + a_(u/3,e^) (4.4) 

Remark 4.7. It is natural to imagine that edges of our graph are strips and 
the expression (4.4) is the width of the strip. It is also natural to think that 
strip from the edge e^ is continued to the adjacent edges A^ (e-y) and A~ {e^) 
and separated between them, see picture 1. 
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The universal covering of a train-tracked graph is defined by the obvious 
way. We obtain a tree with train-tracked structure. 

Now for each a train-tracked tree J' we will construct some R-tree Tl{J). For 
each element («„, e^) S Edge*(J) we consider two directed segments A+(wq,, e-^) 
and A_(t;a,e-Y) having length a^{va,e^) and a^{va,e^). Consider the disjoint 
union f2 of all oriented segments A='=(wc, e-^). 

Now for each pair [va, e~^) G Edge* (J) we will identify segments A+(uq, e-y) 
and A~ (va, A^ (e^)) by isometrical orientation inversion way (remind that their 
lengths are equal). Consider arbitrary edge Cq, let Va,v/3 be its end. Then we 
identify the following segments 



A+{va,ej) A_(wa,e^) 

I 1 1 

A-{vf3,ey) A+{v,3,ej) 

I 1 1 

(with inversion of direction) . 

After all these gluings we obtained some topological space TZ{J), see picture 
2 (elements of the quotient a branching thicklines on the picture). 
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A_K,^+(e^)) 






A_(wQ,e^) 



A+(w/3,e^) 



Now we will define a metric d{x,y) on the quotient space TZ{J^). Consider 
all finite chains 

X ^ zo,zi,Z2,. ■ ■ ,Zm ^ y (4.5) 

such that for each j there exist a segment A^{va, e^) such that elements Zj and 
Zj+i of quotient have representatives Uj and Uj+i in the segment A^{va, e^). 
Then 

d(a;,y) = min(^ \uj - Wj+i|) 
j 
there minimum is given by all chains (4.5), see picture 3. 
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., X = Zq 



It is easy to see that the space Ti-iJ) is a M-tree. 

Example 4.7. Bruhat-Tits trees over nonlocal fields, see [Tit]. Let 

K he a, valuated nonarchimedian field. Let A C M be the group of valuation 
(remind the definition of valuation: It is a function A : ii' \ ^ A such that 
\{xy) = \{x) + A(y) and A(a; + y) < {max(A(a;), A(j/)}). Consider the space Lat 
of all lattices in K^ . For each lattice R we define function 7/j : K^ -^ A by the 
condition: 7(w) is the minimum of A(x) by SiW x Q K such that x^^v G R. 

Let Lat/_ft'* be space of lattices defined up to dilatation (see ss.1.5) Define 
distance d{Ri, R2) between points i?i, i?2 € haX/K* by the following rule: 



d(i?i,i?2) = max(7i^,(w) --iR,,{v)) 






Points of Lat/ii'* are vertices of our M-tree. (we omit obvious construction 
of tree itself). 

Obviously group GL2{K) acts on our tree. 

4.5. Length function. 

Proposition 4.8 (sec [CS]).Lef T he an R-iree and q : T ^ T he an 
isometric map. Then there exist two possibilities: 

1) There exists a fixed point x G T{qx = x) . 

2) There exists a q-invariant line Cq and the restriction of q to Cq is a shift 

ofCq. 

The line Cq is called the axis of isometry q. 

Theorem 4.9 (see [CM], [MS]) Let a group F acts on an M -tree T. 
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a) If r is finitely generated then there exists a minimal T- invariant subtree 
IcT 

b) If there exists 5 G F such that the map g : T ^ T has no fixed points then 
there exists a minimal T -invariant subtree 2. 

liX = T then the action is caUed minimal. 

Some conditions on action of group in this theorem are really nessesary 

/ 1 * 
(countrexample: action of group of p-adic matrices having a form _ _. 

Bruhat-Tits tree). 

Consider an action of a group F on an M -tree T. Length function (or 
translation length function) ^ : F ^ K is defined by 

(.{g) = min(a;, gx) 

In fact a minimum exists (see Proposition 4.8). If g has a fixed point, then 
(.{g) = 0. If g has no fixed point then for each x Cz Cg we have i{g) = d{x, gx). 

Theorem 4.10. (see [CM]) Consider minimal actions of the group F on 
trees Ti,T2 with the same length function i. Let i be not identical zero on the 
commutant [F,F]. Then these two actions are isomorphic. 

(If a group F have a fixsd point on the absolut of tree then i equals to on 

[r,F].) 

Denote by P(F) the space of real functions on the discrete group F defined 
up to multiplier. Let us equip the space P(F) by the topology of pointwise 
convergence. 

There exists a simple list of properties defining length functions, see [Chi] , [CM] , 
[Par]. This list allows to prove the following theorem 

Theorem 4.11 (see [CM]) The space of all length functions onV is compact 
otP(F). 

4.6. Thurston compactification. Consider the Teichmiiller space re„, 
(see subsection 3.5), let ip € Tcn be a embedding of the surface group F„ to 
PSL2(M) and let €[^] be its length function (see subsection 3.5). Let us consider 
this function as a point of the space P(F„). Hence we obtained the embedding 
Ten -^ P(F„)). Denote by T^ the closure of Te„ in P(r„). This closure is 
called the Thurston compactification of the Teichmiiller space (see [Thu], [MS]). 

Theorem 4.12. (see [MS]) Each points of the boundary Te„\re„ is a length 
function for some isometric action of the group r„ on a R-iree. 

Remark 4.13. Moreover the space of homomorphisms F„ — > PSL2(K) (= 
the space of actions of F„ on Lobachevskii plane) has the natural compactifica- 
tion by actions of r„ on M -trees. The same is true for the space of homomor- 
phisms from a given finitely generated discrete group F to SO(l,n). It is valid 
also for homomorphisms F to PSL2(IK) (the latter is corollary of the theorem 
4.11). 

4.7. Affine hilbert space connected with R-tree. We will construct 
by arbitrary R -tree T some Hilbert space -ff (T). 
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To each pair x, y of vertices of T we associate the formal vector e(a;, y). We 
assume e{x,y) = —e{y,x). Let x,y,u,v be vertices of T. Assume 

(e(a;, y), e{u, v)) — ± (length of intersection [x, y] n [u, v]) (4-6) 

We choose the sign "+" if segments [x, y] and [u, v] are directed to the same 
side on the intersection [x,y] n [u,v]. We choose "-" in the opposite case. 
Consider the Hilbert space H{T) such that 

a) e(x,y) are elements of H{'T) and their scalar products are given by the 
formula (4.6). 

b) Linear combinations of vectors e[a;,j/] are dense in H(T). 
Remark 4.14. Let x, y, z be vertices of T. Then 



e{x, y) + e{y, z) + e(z, a;) = 



(4.7) 



Indeed if z G [a;,?/] (or x G [y,z\ or y G [x^z]) it follows from (4.6). Otherwise 
there exists unique vertex u such that u € [x, y] D [y, z] D [x, z\: 



•y 



u • z 



Then 



e{x,y) = e{x,u) +e{u,y) 

e{y, z) ~ e(y, u) + e(u, z) 

e{z, x) ~ e(z, u) + e(u, x) 

Adding this equalities and bearing in mind equality e(a, (3) = — e(/3, a) we obtain 
(4.7). 

Uniqueness of H{T) is obvious. Let us prove the existence of H{T). Con- 
sider a metric tree J^ . Fix a vertex a G Vertj/. This vertex defines a orientation 
on the tree by the following rule: 



Formally a edge [x^y] is positive directed if a; G [a,y]. For each positive 
directed edge [xj,yj\ we associate a formal vector e[xj,yj\. We assume e[xj,yj\ 
is a orthogonal basis and 

\Hxj,yjW = length oi[xj,yj\ 

. We define the space H{T) as the space generated by vectors e[xj, yj\. 
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Now consider a chain 



'^{1} -^ ^2) —^ T(3) -^ ■ ■ ■ (4-8) 

For this chain we associate the chain 

H{T,) ^ H{T2) ^ . . . (4.9) 

The space H{T) is an inductive limit of chain (4.9) of hilbert spaces(i.e. 
completion of UkH{Tk)). 

Let a group T acts on the M -tree T. This action induces the unitary repre- 
sentation of r in H{T) by the rule 

7r(g)e(a;, y) = e{gx, gy) (4.10) 

Lemma 4.15. Fix a vertex xq G Vert(T). Then the formula 

ns{g)v^T:{g)v + s-e{xa,gxQ) (4.11) 

defines the isometric action of T in H{'T). 
Proof. We have to check the equality 

e(xo, gig2Xo) = 7r(gi)e(xo, 322:0) + e(xo, 51X0) 
Right side equals to 

e{9iXo,gig2Xo) + e{xo, giXo) 

and we apply (4.7). 

Remark 4.16. If to consider another origin xq £ Vert(T) we obtain an 
equivalent afhne isometric action. 

Remark 4.17. Let 6* be a point of the Thurston compactification Tcm of 
Teichmuller space Tcm- We canonically associate to 9 an Al-irreducible affine 
isometric action H^ — (7re,7e) of Tm- In the the case 9 S Tem the action 11^ is 
(by definition) the restriction of real affine action (see subsection 2.5) of PSL2(M) 
to Fm- If € Tem \ Te„i then Hg is an AI- irreducible subrepresentation of the 
action 4.6. 

There arises the natural question: Is the map 9 1-^ 11^ continuous? I don't 
know answer on this question, but most likely the answer is affirmative. Observe 
that in both cases {9 G Tcm or G Tcm \ Te^) the length function ig and the 
conditionally positive defined function || 79(5) |P (see below § 5) are related 
by equality 

4(5)=lim„^^i||7(g")||2 (4.12) 

n 

4.8. Existence of Al-irreducible subrepresentation. 
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Theorem 4.18. Consider a minimal action of a group T on an R-tree T 
satisfying the conditions of theorem 4-10. Then there exist Al-irreducible sub- 
representations in H{T). 

Proof. We have to prove that the hnear representation 7r(-) of the group T in 
H(T) given by the formula (4.10) doesn't contains weakly the trivial represen- 
tation of r (see proposition 2.9). Assume that it is not so. Consider a sequence 
hj € H{T) such that {hj, hj) — 1 and {TT{g)hj, hj) -^ 1 for each g ^ G. Consider 
an element g E G which has no fixed point on T (i.e. £{g) ^ 0. Let Cg be the 
axis of g. Let 



hj = pj + qj,pj e H{Cg),qj G H{T \ Cg 



Then 



{'K{g)hj,hj) ^ {n{g){pj +qj),Pj + Qj)) = {7r{g)pj,Pj) 

(since H{Cg) is orthogonal to H{T \ Cg) and H{T \ Cg) is the orthogonal sum 
of spaces H{Qa) where Qa are connected components of the graph T\Cq). We 
have 

{^{g)h„h,)<\\p,f=l-\\q,f 

Hence \\qj\\ -^ 0. In other words p{hj,H{Cg)) -^ for j -^ oo, where p denote 
distance between point and subspace. Hence we obtain that for each finite 
collection gi, . . . ,g^ G G 

p{h,,n-^,H{CgJ)^0 (4.13) 

if j — ^ oo. Consider elements ga such that / — (^a=i-^i^ga)) i^ ^ finite segment 
(otherwise F has fixed points on the boundary of tree). For big N we have 
gf^lnl = and hence gi{n^^-^H{CgJ) is orthogonal to n^=iH{CgJ. This 
and (4.13) contradicts to the condition {p{gi)hj, hj) — > 1. 

Proposition 4.19. Consider two nonequivalent actions of group F satisfying 
to the conditions of theorem 4. 10. Then corresponding ATirreducible subrepre- 
sentations ofT are not equivalent. 

Proof. It is sufficient to reconstruct the length function of the action H (see 
Theorem 4.10). Denote e{xQ,gxQ) by 7(5). Then 

II 7(5) \\'^^d{xo,gxQ). 
Let u be the element of the axis Cg nearest to xq. Then 

d{xo,g"'xo) = d{xQ,u) + d{u,g"'u) + d{g"'u,g"xo) — 2d{xQ,u) + n£{g) 



gu 
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-Cg 



• 



xo g xo 

Hence (for the given g) 

\\l{gnr-nt{g) = 0{l) 

Hence the function || 7(g) |p determines the length function. ■ 

Example 4.20. Consider the Bruhat-Tits tree Tn- Then our hilbert space 

is the space I2 (Edge*(7^)) in notations of ss.1.5. Obviously action of Aut(7^) 

in ^2 (Edge* (7^)) is Al-reducible. Its Al-irreducible component can be realized 

in the space ker(T) = Im{V). 

4.9. Irreducibility theorem. Let T be a metric tree . Let a group F acts 

on T. For a vertex xq G T denote by r(xo) the stabilizer of xq in F. For an 

edge 5 denote by F[cr] the stabilizer of a in F. 

Recall that for a metric tree T the Hilbert space H{T) is identified with the 

space of functions on the set Edge(T) provided by the scalar product 

(/i,/2>= XI /i(^j)/2(o-i) -length (cTj) 
<TjGEdge(r) 

Theorem A.21. Consider an action of the group F on an oriented metric tree 
T . Let F be transitive on the set of vertices. Let xq he a vertex of T . Assume 
that for each edge a incindent to Xq the index ofT[cr] in F(xo) is infinite. Then 
the canonical affine isometric representation ofT in H{'T) is AI -irreducible. 

Proof. Suppose that there exist an invariant subspace K in H{T). Let 
Af = Tf + T be the projector to K (where T is a linear operator in H{T) and 
T = T{a-) e H{T) is a function on Edge (T)). The operator A commutes with 
the affine isometric action 

lV{g)f{a)=f{ga)+^,{a) 
where u G Edge(T),7g(-) e H{T). Hence 

T-fg(a)-^g(<7)^T{g<y)-T(<y) (4.14) 

Let g e F(a;o)- Then the left part of (4.4) equals (since 7g(cr) = far all 
a G Edge). Hence the function t(ct) is F(xo) -invariant. But all orbits of F(xo) 
on Edge (T) are infinite. Bearing in mind that t(-) € I2 we obtain r = 0. Hence 
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T^ lai'^) ~ Igi'^)- Bearing in mind that T is transitive on the set of vertices we 
obtain that a hnear span of vectors 7g is dense in H{T) and hence T = EM 

Consider the action of free group Fn on the Bruhat-Tits tree Too constructed 
in Example 4.4. 

Corollary A.22. The canonical ajjine isometric action of Fn in H{T* {Fn)) 
is irreducible. 

Proof. Indeed this action satisfies the conditions of Theorem 4.21. 

The bijection (4.3) identifies the space iJ(T(^'(F„)) and l2{Fn)- Rewrite the 
canonical action of F„ in H{T'^^^ {Fn)) in terms of the space of l2{Fn)- Consider 

g = V'ia^'V2a^' ■ . .i/'fea^'°V'fc+i e Fn (4.15) 

where f/'i G -Fn-i, £« = ±1 and the word (.) is irreducible. Then 

Tl{9)f{h)^f{gh)+-ig{h) (4.16) 

where h ^ Fn and the function ^g{h) is given by the formula 

Sj if /i = V'lar • • • V'jfl^^ 



lg{h) 



otherwise 



Remark 4.23. Recall that the regular representation of F„ is a factor- 
representation, nevertheless its afhne "deformation" is Al-irreducible. 

Example 4.24. Consider once more the tree T{Fn) (see Example 4.3). 
Let us contract all edges of types {aa+i}, . . . , {a„}. Denote the tree which 
we obtained by T(")(i^„). The vertices of T("^(F„) are enumerated by cosets 
FnjFn-a and the group Fn has a orbits on the set of edges (the stabilizer of 
each edge is trivial). If a < n the conditions of the theorem 4.21 are fulfiled 
and hence the affine isometric action of F„ in the space iJ(T"(F„)) is AI - 
irreducible. Observe also that 7J(T("^(F„)) can be identified by the natural 
way with a copies of the space l2{Fn)- 

The affine isometric action of Fn in H{'T{Fn, si, . . . , s„)) is reducible (see 
the arguments of Example 4.20). 

4.10. Bibliographical remarks. Bruhat Tits trees appeared in [BH] 
(1967) as a partial case of Bruhat-Tits buildings (ensembles). Serre used 
Bruhat-Tits trees as tool for investigation of discrete groups ([Serl-2]). R- Trees 
were discovered in [Chi] and [Tit] (1976-1977). 

Construction of affine isometric actions and conditionally positive definite 
functions associated to metric tree is old and I don't know when it appeared, 
see [01s2], [Mar] ,111.3. Spherical functions (they are closely related to affine 
isometric actions) on Bruhat-Tits tree of nonarchimedian nonlocal field were 
classified in [Isml]-[Ism2]. Conditionally positive definite functions associated 
to K-tree were mentioned in [HVj. On R-trees see reviews [Shal-2]. 
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5 General remarks (continuation) 

This section is continuation of preliminaries. 

5.1. Boson Fock space, see [Berl],[Ner2]. Boson Fock space F^ with n 
degrees of freedom is the Hilbert space of holomorphic functions on C" with 
scalar product 



{/i,/2}= / f,{z)f2{z)eM-M')Y[ 



dzidzj 



TT 



The function f{z) = 1 is called by vacuum vector, and its norm equals 1. We 
have the canonical isometric embedding In : Fn ^ Fn+i, if /{zi, ■ • ■ , Zn) G Fn 
then 

(/„/)(zi, . . . , Z„+i) = f{zi, . . . , Z„) e Fn+i 

Consider the chain of embeddings 

Fq — !■ i^i ^ i^2 ^ • ■ • 

Its inductive limit Foo in the category of Hilbert spaces (i.e. the completion 
of UFj) is called by Boson Fock space with infinite number degrees of freedom. 
Elements of F^o can be considered as holomorphic functions on l2, see [Berl], 
[Ner2]. 

Let iJ be a complex separable Hilbert space. Then H is isomorphic to ^2- 
Hence elements of Foo can be considered as holomorphic functions on H. We 
denote this space of holomorphic functions by F{H). 

5.2 Fock representation of a group of isometrics. Denote by Isom 
(H) the group of all affine isometric transformations of a Hilbert space H. 

Consider an element a i-^ Aa + 7 of the group Isom (H). Consider the 
operator 

Exp(A, 7)/(z) - f{Az + 7) exp((z, A~'j) - ^(7, 7)) (5.1) 

in Boson Fock space F{H). The following theorem is well-known (and simple). 
Theorem 5.1.Exp(yl,7) is a unitary projective representation of the group 
Isom (H). Moreover 



Exp(T, 7)Exp(r', 7') - cxp{z Im < 7, (r')-^'} • Exp(T", 7") (5.2) 

(where T" = TT' , 7" = T'7 + 7'). 

5.3 Araki scheme. Let G be a group and let H^ = (tt, s • 7) be its affine 
isomorphic action. Then the formula 

Ps = Exp o Hs 
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defines the unitary (projective) representation of the group G in the boson Fock 
space F{H). 

Remark 5.2 Let K he & real Hilbcrt space and let 11 — (7r,7) be an affine 
isometric action of G in K. Consider complexification Kc and representation 
Exp of Isoni [Kc). Then (see (5.2)) Exp o n is linear (nonprojective !) repre- 
sentation of G. 

Application of this construction to locally compact groups gives extremely 
reducible representations of G (the boson Fock space is so large and the group 
G is so small!). In the next subsection we briefly discuss some interpretations 
of this construction. 

For infinite dimensional groups such constructions are more interesting, see 
[Ara], [VGGl-2], [Ism3-5], [01s2], [01s3], [Ner 1-2]. 

5.4 Conditionally positive definite functions, (see [Scho], [Guil], [Mar], 
[PS] [HV]). Let G be a topological group. Denote by V{G) the set which ele- 
ments are triples (iJ, tt, a) where 

\) H \s a. Hilbert space 

ii) TT is a unitary representation of G in iJ 

iii) a € H is G-cychc vector. 

We say that triples {H,TT,a) and {H',tt',(t') are equivalent if there exists 
a G-intertwining unitary operator U : H ^ H' such that U a = a. Let 
P = {H,Tr,a),P' = (i?',7r',cr') G V{G). Let us define the product PP' = 
(iJ", tt", cr"). For this consider the triple 

(i7(g)i7',7r(8)7r',cr(X)cr') 

Let H" be G-cyclic span of the vector a^a' , tt" be restriction of representation 
TT (g) tt' on H" and a" = a ^ a' G H" . It is well-known that the semigroup 7'(G) 
is isomorphic to the (multiplicative) semigroup Tl{G) of all positive definite 
functions on G (Gelfand-Naimark-Segal construction, see [Dix],13.4). 

Recall that a continuous function ^/^ : G — > C is called positive definite if for 
each gi, . . . , g-n (z G the hcrmitian form 

n 

Q{hi, . . . , /i„) = ^ ip{g~'^gj)h,hj 
is nonnegative defined (see [Dix], 13.4). Let (_ff, tt, ct) G ViG). Then 

i^ig) = (7I"(5)o-,o-)h 

is an element of Tl{G) and the correspondense V{G) ^^ T^{G) is bijective. 

We are interested by 1-parametric semigroups in V{G), i.e. families P(t) G 
V{G),t>0 such that 

Piti + t2) = Pitl)Pit2) 
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Example 5.3. Let G = SL2(K) be the universal covering of SL2(K). Let 
TTt be the representation of G in the space of holomorphic functions in the disc 
|2;| < 1 given by the formula 



If t > then the representation tt^ is unitary in some scalar product. Let Ht be 
the corresponding Hilbert space and at — at{z) = 1. Then 

r{t) = {Ht,Trt,at) 



be the one-parametric subsemigroup in 7'(SL2(M)). We also have 

Consider an one-parametric semigroup P{t) in V{G). Let "0* be the corre- 
sponding family TZ{G). Evidently iptig) has a form 

Mg) =exp(-t- ip{g)) 

where </? is a function on G. There arises the natural question: describe func- 
tions ip{g) such that functions exp(— i • (p{g)) are positive definite for all i > 
? The answer is well-known (see [Scho]), this are the so-called conditionally 
positive definite functions. Recall that a continuous function (p on G is called 
conditionally positive definite (or negative definite) if for each gi, . . . ,gn G G 
the hcrmitian form 

Q{hi, ...,hn)^Yl ^i9i^9])hih:i 

is nonpositive definite on the hyperplane 

hi + ... + h.a=Q. 

Remark 5.4. The description of all conditionally positive definite functions 
on R is given by the classical Levy-Khinchin theorem (sec [Shi] ,111.5). For 
nonabel groups the question on analogy of Levy-Khinchin theorem have two 
completely different versions: the question on infinitely divisible elements in 
semigroup M{G) of probabilistic measures (see [Hey]) and question on infinitely 
divisible representations. 

5.5. Conditionally positive definite functions and affine isometric 
actions. Consider an affine isometric action of a group G on a real Hilbert 
space H: 

Ii{g)v = TT{g)v + ^{g) (5.3) 
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It is easy to prove that 



¥'(.9) ==ll 7(5) 



is a conditionally positive definite function satisfying the conditions 

a) (fig) is real 

b)^(e) = 

c) (p{g) = ip{g 1) 

Inversely, let <y9 be a conditionally positive definite function satisfying the 
conditions a) - c). Then where exist a unique real action (5.3) such that 

a) vig) =11 7(5) \\\ ^ 

b) There are no G-invariant closed linear subspaces in H. 
The construction is simple. Conditions (0.3)-(0.4) imply 

117(5-^)11 -||7(ff)lP + ll7(MlP-2(7(M,7(5)) 

and hence we have to construct a hilbert space H and a system of vectors j{h) 
such that 

{lih)rf{9))^liH9-'h)~cj,{g)~cj,{h)) 

We omit details, see for instance [HV] . 

It is easy to describe a one-parametric semigroup P(t) S 'P{G) corresponding 
to the semigroup exp(—t || 7(g) |p)in7?.(G). For this consider the representation 
Exp o n^ (see subsection 5.3) and the cyclic span of vacuum vectors. 

6 Fock representation of the semigroup of prob- 
abilistic measures on a group 

6.1 Construction of representation Let G be a topological group. Denote 
by Mf)(G) the semigroup of probabilistic measures on G with compact support. 
Denote hy jjl^v the convolution of measures. Consider an affine isometric action 
of G in a Hilbert space H: 

I{{g)v = 7r(g)w + 7(5) 

Theorem Q.l(see [Ner 2]). Let fi G Mq{G). Consider the operator L{ii) 
in the boson Fock space F{H) defined by the formula 

L{p)f{z) = exp(d + («, c))f{Az + b) 
where 

A = A{p)= [ 7T{g)dfi (6.1) 

Jg 
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Then 
a) 



b = b{fi) = / -fig)d^l) (6.2) 

Jg 

c^c(p)^ f ^{g-')dfi (6.3) 

JG 

d = d{y) = - ( \\^{g)fd^x (6.4) 

JG 

L{ji)L{i>) = cxp(i • Im(6(i^), c{ij))) ■ L{p, * v) (6.5) 

h) II L{^) II < 1 /or eac/i /i. 

Hence we get a projective representation of the semigroup M^q(G). We also 
get central extensions of Mo{G) given by the formula (6.5). 

6.2 Examples of central extensions. Let 11 = (7r,7) be a complex affine 
isometric action (see subsection 2.5) of a group G. Then (by Theorem 6.1) 
we obtain the central extension of semigroup Mq{G). The elements of this 
extension are pairs (/i, x) G Mq{G) x K and the product is given by the formula 

(m, x)o{v,y) = {^*v,x + y + a{n, ly)) 
where 

a{fi,iy) = lm(b{u),c{^^)) =lm f f {^{g),^{h-^))d^l{g)du{h) 

JG JG 

Example 6.2. Consider the case G = PSL2(M). The affine isometric action 
of G is defined in § 1. When using the formula (1.2) we obtain 



cr{n,iy) ^-Im / 1^( / \'f \ ] dfi{9i)di^{92) (6.6) 

JPSL2(R) JPSL2(K) \"'[gi)0'(g2) / 

Example 6. 3. Let now G = r„ be the fundamental group of a sphere with 
n handles. Consider an embedding tp : Tn ^ PSL2(K). Elements of Alo(r„) 
are finite linear combinations Y,pj5{gj), where pj > 0, Epj = 1 and 5{gj) is the 
unit measure supported in the point gj G F. Then the cocycle is given by the 
formula 



a{Y,pA9^),T.^^6{h,)) ^ImY: ^"^ ^(^^IJ^^^^W^ (6-7) 

Example 6.4. Let G ~ Z^" be a lattice in C". The cocycle on Mo{G) is 
jiven by the formula 
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N M N M 

j=i fe=i j=i fc=i 

6.3 Irreducibility. 

Theorem 6.2. Let 11 = {tt,j) be an irreducible isometric affine action of 
a group G. Let the unitary representation -k doesn't contain weakly the trivial 
representation of G. Then the representation L{p) of the semigroup M.q{G) is 
irreducible. 

Proof. (I am using the argument communicated to me by Ismagilov). De- 
note by H the space of representation H. Consider a measure /i G M.q{G) such 
that II 7r(/i) II < 1, see proposition 2.7. Denote by /i° the image of /x with respect 
to a map g h^ g^^ from G to itself. Let v = n° * fi (hence 1^° — v). Consider 
the map Tl{v) : H ^ H given by the formula 

fl{v)v ^ / ■n{g)vdv{g) + / l{g)dv{g) 
Jg Jg 

Let w ^ H he the fixed point of the map ii{v). Without loss of generality we 
assume w = Q. Hence 

0= / l{g)dv{g) = f ^{g-')dv{g-^) = / l{g-')dv{g) 

JG JG JG 

and vectors b{v) and c{v) defined by (6.2)-(6.3) equals zero. Hence L{v) has the 
form 

L{v)f{z) = A • f{A{v)z) 

where A G C, and {A{v))* = A{i'°) = A{i'). Hence the vacuum vector 1 is the 
unique maximal vector of the operator L{v). Hence each M.q{G) -intertwining 
operator fixes the vacuum vector. It remains to prove that vector 1 is Mo{G) 
-cyclic. It is quite simple, for details see [Ner 2], 10. 2. 

7 Groups of automorphisms of bundle 

7.1. The group 03(0). Let X he & Lebesgue measure space with continuous 
measure /i such that IJ.{X) = 1. Recall that all such spaces are isomorphic to 
the segment [0, 1] equipped by the usual Lebesgue measure. Denote by Ams(X) 
the group of all measure preserving maps X — > X. 

Let G be a topological group. Denote by TiX, G) the group of all functions 
h : X ^r G such that there exist a compact set K C G (subset K depends on 
function h) satisfying the condition ^{x G X : h{x) ^ K} = 0. Denote by 

*B(G) = <B(X,G) 
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the semidirect product of the group Ams(X) and the group T{X, G). Elements 
of 03 (G) are pairs 

{p{x),h{x)) e Aut(x) X T{X,G) 

and the product is given by the formula 

{pi{x),hi{x)){p2{x),h2{x)) = {jPi{p2{x));hi{p2{x)) ■ !2{h2{x)) 

7.2. Induced actions of the group *B(G). Let a group G acts by trans- 
formations x{g) of a set M . Then the group Q3(G) act on X x M by transfor- 
mations 

K° (p,h){x,m) = {p(x),h{x)m) 

7.3. Induced representations of the group *B(G). Consider a unitary 
representation p of a group G in a Hilbert space H. Consider the space L'^{X, H) 
of all i^-functions X ^ H, the scalar product in L'^{X,H) is given by the 
formula 



(/l,/2)= / {Mx),f2{x))Hd^{x) 

Jx 
Define the unitary representation p° of 25(G) in L^{X,H) by the formula 

p°ip,h)fix)^pihix))fipix)) 

where p G Ams(X), /i € JP(X, G). 

7.4. Induced afRne isometric actions of the group !B(G). Consider 
an affinc isometric action 

n{g)v = TT{g)v + -jig) 

of a group G in a Hilbert space H. Define the affine isometric action 11° = 
(7r°,7°) the group *B(G) in the space L^{X, H) by the formula 

n°(p, h)f(x) = n{h{x))f{p{x)) + j{h{x)) (7.1) 

7.5. Fock representations of the group S(G). ("ylrafcz multiplicative 
integraf) Let a group G has a nontrivial affine isometric action H = (77,7). 
Consider the affine isometric action n° = (7r°,7°) given by the formula (7.1). 
Restriction of the representation Exp of the group Isom(L^(X, H)) to the sub- 
group *B(G) give projective unitary representation R = Exp o 11° of the group 
23(G) in the Fock space F{L'^{X,H)) given by the formula 

R{p,q)f{w) = f(Il°{p,q)w)x 

xcxp -- / \\-f{q{x))f dp{x)- {Tr{q{x))w{p{x)),-f{q{x)))Hdp{x)) 
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where w = w{x) e L^{X,H)J ^ f{w) e F{L^{X,H)). Using (5.2) wc obtain 

R{p, q)R{p, q) = (^{{p, q), iP, q)) ■ R{{p, q) ° [p, q)) 

where 



(^{{Pi q), [P, q)) =:ex.p<ilm (7r(q(x)) • 7(17(^(2;)), "f{q{x)))Hd^{x) V (7.2) 

Araki multiplicative integral is the restriction of this representation to the sub- 
group JP(X, G). On Araki multiplicative integral see [VGGl-2], [Ber2], [Dell-2]. 
7.6 Central extensions of ©(G). Let a group G has a nontrivial action 
n — (tt, 7) on a complex Hilbert space H. Then in the preceding subsection we 

constructed the central extension *B(G)]-[. The elements of this extension are 
triples (p, q, a) E Ams(X) x !F{X, G) x R and the multiplication is given by the 
formula 

{P, q, a) o {p, q,a) ^ {pop,{qop) ■ q,a + a + \{(p, q); (p, q)) 

where A(. . .) is the expression in curly brackets in (7.2). 

Example 7.1. Let G = PSL2(M). Then with the notation of subsection 1.2 
we have 

Xip,q); ip,q)) ^ -Im / m ( ff'^Tu\ ) M^) 
Jx \a(q(p(x))a{q{x)) J 

Let r be a lattice in PSL2(R). Then the central extension of *B(r) is given 
by the same formula 

Remark 7.2. The constructions of § 6 and § 7 are the parts of a more 
general construction obtained in [Ner 1], see also [Ner 2] (representations of the 
category of G-stochastic kernels). 

7.7. Group of automorphisms of G-bundle. Let G be a group. Let 
X = M he a, compact smooth manifold equipped by some smooth volume form 
oj (of course M is a Lebesgue measure space). Consider a vector G-bundle B 
over a manifold M. Denote by tt the projection of the total space B to M. Let 
r : -B ^ -B be a measurable transformation. We say that r is an m,easurable 
autom.orphism of the bundle if 

a) r maps fibres to fibres. Hence r induces the map r^ : M ^ M 

b) the map r preserves the measure on M 

c) for each m £ M the map of fibres 

r : TT^ (m) h^ tt^ (r (m)) 

is a element of the group G. 

It is easy to sec that the group of all measurable automorphisms of the bundle 
B is isomorphic to the group 25 (M, G). 
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Denote by 25°° [B] the group of smooth automorphisms of the fibre bundle 
B ^ M. 

Obviously 

*B°°[B] cQ3(M,G) 

. In many cases *8°° [B] is dense in the group 5B(M, G) in some natural sense and 
this implies that the restriction of Fock representation of *B(Af, G) to *B°°[-B] is 
irreducible. 

Now we obtain a possibility to embed different groups © to the group 05°° [B] 
and by such a way to construct unitary representations and central extensions 
of Q5°°[B] . 

8 Constructions of representations of groups of 
diffeomorphisms of two-dimensional manifold 

Here we want to construct several series of representations of groups of volume 
preserving diffeomorphisms of two-dimensional manifolds. 

8.1 Construction with Jacoby matrix, see [Nerl]. Let IVP be a compact 
two-dimensional manifold, let w be a volume form on M^. Let G = SDiff (M^) 
be a group of all volume preserving and orientation preserving diffeomorphisms 
of M^. Consider a volume preserving and orientation preserving smooth maps 
from some bounded domain 17 C M^ to some open dense domain on M^. For 
each q G SDiff (M ^) consider a corresponding piecewise smooth map q : fl ^ H.. 
Denote by D{q{x)) the Jacoby matrix of q{x) in the point x E il. Then the 
formula 

q^{q;D{q{x)) (8.1) 

defines the embedding SDiS{M^) -^ <B(PSL2(R)). The image of SmS{A'P) is 
dense in Q5(P5i2(R)) (see [Ner 1]). 

Restricting the Fock representation (see subsection 7.5) of *B(PS'L2(M)) to 
SDiff(M^) we obtain irreducible representation of SDiff(M^). Analogically the 
central extension of Q5(PSL2(M)) (see subsection 7.6) induces the nontrivial 
central extension of SDiff (M^). 

Remark 8.1. Consider the tangent PSL2(M) -bundle B -^ A'P. The group 
SDiff (M^) acts in B by the obvious way. The formula (8.1) is "coordinatization" 
of this action. 

Remark 8.2 This construction of representation of SDiff (M^) can be re- 
peated for the group of volume preserving diffeomorphisms of 2-dimcnsional 
p-adic manifolds. I don't know has it some sense or not. 

8.2 Ismagilov's embedding, see [Ism 2]. Let M be a connected and non 
simply connected compact manifold. Let w be a volume form on M . Denote by 
SDiff (M) the group of all diffcomorphism of M preserving ui. Let D(M) be the 
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connected component of SDifF(ikf^) containing unity. Assume (for simplicity) 
that the fundamental group F of M has a trivial center. 

Let M be the universal covering over M. Then tt : M ^- M is a principle F 
-bundle over M. Let q € D(M). Then there exists a unique covering diffeomor- 
phism q : M ~^ M [tt o q ^ q o tt). Hence we get a (continuous) action of the 
group D(M) in F-principle bundle tt : M ^ M. 

So we obtain the embedding 

D(M)^<B(M,r) (8.2) 

Theorem 8.3. ([Ism 2]) The image o/D(M) in «8(M, F) is dense. 

Now wc will give another description of the same embedding. For this con- 
sider a compact fundamental domain M* C M (i.e. IJ ^p g^M* = M]M* C\ 
QiM* has zero measure for all gi ^ e). Let q E D(M). Define the function 
Xq{x) : M* ^ F by the condition 

Xq{x) = h<^ qx e hM* 
Then the embedding D(Af) -^ !B(M*,F) is given by the formula 

qi-^ (q,Xq{x)). 

By remarks from ss.7.2-7.3 each action of F induces the action of D(M), each 
unitary representation of F induces the unitary representation of D(M). Each 
afBne isometric action of F induces an affine isometric action of D(M) and 
representation of the group D(M) in the boson Fock space. 

8.3. Action of group D on 3-diniensional manifolds. Let M„ be 
a sphere with n handles {n > 1). Then its universal covering M„ is the 
Lobachcvskii plane H^. 

Consider an embedding A : F ^ PSL2(M). The group PSL2(R) acts on the 
circle S^. Let us restrict this action to the subgroup F. Concidcr embedding 
(8.2) and the induced action (see ss.7.2) of the group D(M„). In other words 
consider the S'^-bundle : i? — > M„ induced from the principal F -bundle 
Ti, -^ Mn and consider the action of D(M„) in the space R. The space R is 
a 3-dimensional manifold, orbits of the group D(M) in R are 2-dimcnsional 
submanifolds of R isomorphic to Ji^ . Each D(M)-orbit O is dense in R (and 
the intersection of O with each fibre (j)^^{m) ~ S*^ is a dense subset in the fibre). 

Consider the natural unitary representation of D(Af) in L^{R): 

L^{q)f{x)=f{qx)-I{q,x)'/' 

where x G -R, g G D(M), I(q, x) is the Jacobian of the map x h^ qx. 

Proposition 8.4. The representation L\ is irreducible. If the embeddings 
A, A' : F — ^ PSL2(M) are not conjugate then the representations L\,L\> are not 
equivalent. 
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Proof. It is the partial case of the Proposition 8.7 (see below). This corre- 
sponds to one of the points of principal series representation of PSL2(M).H 

Let TT be an irreducible unitary representation of PSL2(K). Consider the 
representation L\^-,^ of D(M) induced from the restriction 7r|r. 

Proposition 8.5. 

a) Let IT be not a representation of discrete series. Then Lx-^c is irreducible. 

b) Let TT, tt' are not representation of discrete series. Then L\^ — Ly.,^!, 
only in the case tt ~ t:' and A is conjugate to A'. 

c) Let TT be a representation of discrete series. Then -La.tt be a type IIi 
factor-representation. 

Proof. It is a corollary of theorem 8.5 and theorems 3.1-3.3. ■ 

8. 4. Induced affine actions. Let us consider an afRne action 11^ of PSL2(M) 
(see § 1) and its restriction to F. Then we obtain a representation of D(M) 
in the boson Fock space. Doubtless this representation is irreducible by I don't 
know the precise proof of this (the theorem 8.3 is not quite enough for the 
proof). 

Problem 8.6. Representation of Q3(PSL2(M)) induced from affine isometric 
action of the group PSL2(R) is projective. We restrict this representation to the 
group D(M) and hence we obtain central extensions of D(M) enumerated by 
the points of Teichmiiller space. But I don't know are these central extensions 
nontrivial? 

8. 5. Constructions of representations of groups of diffeomorphisms 
which use p-adic numbers. Consider a sphere 5^ with volume form uj. 
Fix points mi,m2, . ■ . ^mi G S"^. Consider the group 0(5*^,771) of all volume 
preserving diffeomorphisms of S'^ which fix points mi, ?7i2, . . . ,mi. Let D(5^, m) 
be the connected component of unit in the group I){S'^{m). The fundamental 
group TTi{S'^ \ {mi,?7i2, . . . jTUi} is a free group Fi^i. 

Consider the group PSL2(IK) over nonarchimedian local field K. Let us 
embcdd the group Fi^i to PSL2(K) by such a way that image is a lattice. 

The group PSL2(K) acts on a projective line PK^. Consider the restriction of 
this action to F and consider the induced action of D(5^, m). For this consider 
the bundle (f) : R ^ S'^ \ {?Tii, . . . , tti;} associated with principal F -bundle 
TC^ = R ^ S'^ \ {mi, . . . ,mi}. We get a topological space with ergodic action 
of 'D{S'^,m). Each D{S^,m) orbit O is again isomorphic to the Lobachevskii 
plane and the intersection of O with each fibre of the bundle is dense in a fibre. 

Now wc can apply induction procedure. 

8.6. Once more costruction. The factor-group T„i/[T„i,^m] is isomor- 
phic to the cyclic group Z^™. Consider an action of Z^™ on C™ by translations. 
It is an affine isometric action and each such action induces the representation 
of D(M ) in boson Fock space and the central extension of D(M). 
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9 On central extensions of groups of automor- 
phisms of bundles 

In sections 6-8 we constructed some unitary representations and some central 
extensions of some groups. It appears that these central extensions exist in 
more general situation (when affine isometric actions itself don't exist). 

9.1. Central extensions of group *B(Sp(2n,M)). Consider space M^" 

equipped with skew-symmetric form defined by the matrix in)" Denote 

by Sp(2n,R) the group of operators in R^"which preserve this form. These 

operators g = ( , ) satisfies the condition 

a b \ f 1\ f a b y _ f 1 
c d [ -1 [ c dJ^l-1 



Let 5 be a element of Sp(2n,M). Consider matrix 

We denote n x n-matrix $ = $(5) as left upper block of the matrix (9.1): 

a b 



(9.1) 



Consider function t : Sp(2n,M) x Sp(2n,K) -^ M given by the formula 
T(gi,g2)=Im tr ln{$(.gi)-i$(.9ig2)$(.92)"^} 

Remark 9.1. Denote the matrix in curly brackets by N. Then || A^— 1|| < 1 
and hence logarithm of matrix is well-defined. 

Let {pi, , hi), {p2,h2) be elements of group *B(Sp(2n, M)). We define an ex- 
pression 



ci{pi,,hi);{p2,h2)) = / T{hi{p2ix)),h2ix))d^i{x) 
Jx 

Theorem 9. 2. Expression t is 2-cocycle on the group !B(Sp(2n, M)). 
Remark. Analogical construction exists for the groups Q3(C/(p, g)) and 
»(50*(2n)). 

9.2. Central extensions of groups of symplectomorphisms. Let M 

be a compact n-dimensional manifold equipped with symplectic form lu. Let 
SYMP(M, w) be the group of all diffeomorphisms of M preserving the form uj. 
The group SYMP(M, w) acts on tangent bundle to M hence we obtain embed- 
ding of SYMP(M, w) to the group Q3(Sp(2n,M)) and this embedding induces 
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some central extension of SYMP(M, a;). We will give description of this exten- 
sion in coordinates. 

Consider some dense open domain S C M such that S is symplecticaly 
equivalent to some domain fi C M". Now we can consider elements of SYMP as 
transformations of il. Let g G SYMP, a; e ft. Denote by J{g,x) Jacoby matrix 
of the map J in the point x. Then 2-cocycle on SYMP is given by the formula 



r{gi,92)^ / T{J{gi,g2ix)),J{g2ix))uj''' 
Jn 



Proposition 9.3. Central extension defined by the 2-cocycle doesn't depend 
on coordinate system on M. 

Generally speaking this extension is not trivial, but I don't know theorem 
which ca be considered as quite satisfactory. 

10 Immobile sets and immobile functions 

10.1. Immobile sets. Consider a group F acting on countable set M. Let 
A C M he a. subset. We say that subset A is immobile if for each g GT the set 
A A gA is finite (where B A C -.^ {B \ C) U {C \ B) is a symmetric sum of the 
sets). 

Let a group G acts by measure preserving transformations on space M with 
infinite measure /i. We say that subset A C M is immobile if 

^i{A A gA) < oo 



Let A be immobile set and fi{A A A') < oo. Obviously the set A' also is 
immobile. We say that immobile sets A and A' arc equivalent if 

fi{AAA') < oo 



Obviously if A and B are immobile sets then AU B and A B are also 
immobile sets. 

Example 10.1. Consider a quadratic form a;^ + x^ — a;§ in K'^. Consider 
the group 0(2,1) of all linear transformations preserving this form. Let G = 
S0o(2, 1) be the connected component of unit in 5*0(2, 1), sec above ss.1.2. Let 
M be a one-sheet hyperboloid 

2,2 2 _ 1 

X-i — |— Xn 3^3 — -L 

and /i be a S0o(2, l)-nvariant measure on M. Then the subset {x > 0} is 
S0o(2,l)-immobilc. 
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Example 10.2. Consider the cylindr 

M : xl+xl = l 

in K^. Consider function h{m) = X3 on M. Let G be the group of diffeomor- 
phisms g : M —^ M satisfying condition: h{in) -^ +00 imphes h{gm) — > +00. 
Then the set {x^ > 0} is G-imniobile. 

Consider a finitely generated discrete group F acting on countable set M. Let 
hi, . . . ,hp be generators of the group F. Consider the Cayley graph T{T, M) of 
our action. Vertices of T(F, M) are points of M . Edges have the form [m, hjm\ 
where m G M and hj are generators. 

Proposition 10.3 A set A G M is immobile iff there exist only finite number 
of edges joining A and M \ A. 

Proof: obvious. 

Let Fn be the free group with n generators /ii, . . . , /i„. Fix a element v = 
hll . . . hi'' e Fn- Let X{v) C F„ be the set of all irreducible words in F„ having 
the form 

wv ~ wh^-^ . . . h'^'' 

Proposition 10.4. Consider the left action of the group Fn on itself. Then 
the boolean algebra D, of all immobile sets is generated by the sets X(v). 

Proof. It is a corollary of proposition 10.3. 

10.2. Immobile functions. Consider a group G acting on a countable set 
M. We say that a function r on M is immobile if for each g gT we have 



y \r{gm) — r{m)\ < 00 



meM 

Example 10.5. Let A C M be a immobile set. Then the function 

1, me M 



^^™^ ^ \ 2, m^M 

is immobile. 

Let the group F be finitely generated. Consider Cayley graph T{G, M) of 
our action. 

Proposition 10.6. Function r on M is immobile iff 

y \r{m) — r{m')\ < 00 

[m,m']eEdge(T(G,M)) 

Proof. Obvious. 

Let r be immobile function. Then the formula 

n(5)/(?Ti) = f{m) + (r{gm) — r{m)) 
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defines affine isometric action of the group F in tfie space hiM). 

Remark 10.7. We want to describe the same action by another way. Fix 
immobile function r. Consider the space of functions / on M satisfying the 
condition 

y |/(m) — r(?Ti)p < cx) 

m 

Then H has a natural structure of an affine hilbert space. The group F acts in 
H by the transformations 

n(5)/(w) = f{gm) 

10.3. On the cohomology group _ff^(F, /2(F)), see above question 0.2. 
Consider a discrete group F and the right regular representation of F in I2 (F) . 
Consider all afhne actions of F in hir) having the form 

U{h)f{g)^f{hg)+-/,{h) 

Proposition 10.8. The cocycle jg has the form 

jg{h) = r{hg) - r{h) 

where r is immobile function on F. 
Proof. By the condition (0.3) 



Assume h — e. Then 
and we obtain 



lqg{h) = Igiqh) + "fg{h) 

Igil) = 7gg(e)"7(e) 
riq) =7g(e) 



The case F = F,,!^ We want to describe the group H^iFn,l2iFn))- The 
Cayley graph of action of the group Fn on itself is the Bruhat-Tits tree 72„_i. 
Consider the space of functions on the set Vert(72„_i) such that 

E |/fe)-/fe)P<CX3 

[Pj,?,]eEdge(r2„_i) 
It is the space ^^(Edge*) defined in ss.1.5. We have to describe quotient space 

;2*(Edge*)/Imv 

But this space is kerf. We obtain following theorem 

Theorem 10.9. There exist canonical isomorphism between the space H^{Fn, hiFn)) 
and the space kerV = imT' described in ss.1.5. 

^ When this paper was in preparation I find a preprint of Bekka and La Valottc [BV] which 
contains more general result that a theorem 10.9 formulated below. 
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